4.6. IMPROPER INTEGRALS

Simplify the inside part requires some imagination:
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4.6 Improper Integrals

Example 4.6.1. Make sense of fooo e~ *dx. The integrals

t
/ e “dx
0

make sense for each real number t. So consider

t
lim e *dr = lim [—e_z}é =1.
t—o0 0 t—o00

Geometrically the area under the whole curve is the limit of the areas for finite
values of t.

Example 4.6.2. Consider fol \/%de

Problem: The denominator of the integrand tends to 0 as x approaches the
upper endpoint. Define

dr = lim

1 t
1 1
- - g
/0 V1— 22 t_>17/0 V1—a2 v
= lim (Sin_l(t) - sin_l(())) =sin~'(1) = =
t—1—

2
Here t — 1= means the limit as t tends to 1 from the left.

Example 4.6.3. There can be multiple points at which the integral is improper.
For example, consider
oo
1
[l
oo 1tz

A crucial point is that we take the limit for the left and right endpoints inde-
pendently. We use the point O (for convenience only!) to break the integral in
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4.6. IMPROPER INTEGRALS

half.
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dr + lim
t—o0o 0 1—|—.’13

= lim
s——o00 [ 1+LU

gg@m(tan_l(O) —tan"!(s)) + tllrglo(tan_l(t) — tan"*(0))
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Example 4.6.4. Consider ffooo xdx. Notice that

5§——00 t—o0

e} 0 t
/ xdr = lim xdx + lim xdx.
—00 s 0

This diverges since each factor diverges independently. But notice that

t

lim zdx = 0.
t—o0 ¢

This is not what ffooo xdx means (in this course — in a later course it could be
interpreted this way)! This illustrates the importance of treating each bad point
separately (since Example 4.6.3) doesn’t.

Example 4.6.5. Consider f_ll %ﬁd:c, We have

1 s 1
]. 1 1
/_1 B—ﬁdx: lim 7 3dzr + lim 7 3dx

s—0~ J_1 t—0t Jq

= lim §s§f§ + lim §f§t% =0
a0\ 2 2 t—ot \ 2 2 o

This illustrates how to be careful and break the function up into two pieces when
there is a discontinuity.

Example 4.6.6. Compute f_31 ﬁdm. A few weeks ago you might have done
this:

3
1 -
/ 2dx =[In]z —2[]*, = In(3) — In(1) (totally wrong!)
1=

This is not valid because the function we are integrating has a pole at x = 2.
The integral is improper, and is only defined if both the following limits exists:

lim dx and lim
t—2- )z —2 t—2+ ), T —

dz.
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4.6. IMPROPER INTEGRALS

However, the limits diverge, e.g.,

3

lim dr = lim (In]l| —In|t —2|) = = lim In|t — 2| = —c0.
t—2+ J, T — t—2+ t—21

Thus f_gl —Ldx is divergent.

4.6.1 Convergence, Divergence, and Comparison

In this section we discuss using comparison to determine if an improper integrals
converges or diverges. Recall that if f and g are continuous functions on an
interval [a,b] and g(x) < f(x), then

/a ’ ada < / ' fla)a.

This observation can be incredibly useful in determining whether or not an
improper integral converges.

Not only does this technique help in determining whether integrals converge,
but it also gives you some information about their values, which is often much
easier to obtain than computing the exact integral.

Theorem 4.6.1 (Comparison Theorem (special case)). Let f and g be contin-
uous functions with 0 < g(x) < f(x) for x > a.

1. If [ f(z)da converges, then [ g(x)dz converges.
2. If [ g(x)dx diverges then [ f(x)dx diverges.

Proof. Since g(x) > 0 for all z, the function

Gt) = / ' o(o)de

is a non-decreasing function. If f;o f(x)dx converges to some value B, then for
any t > a we have

G(t) = /atg(x)dx < /at flz)dx < B.

Thus in this case G(t) is a non-decreasing function bounded above, hence the
limit lim; o G(t) exists. This proves the first statement.
Likewise, the function

F(t)= /at f(z)dx

is also a non-decreasing function. If [ g(z)dx diverges then the function G(t)
defined above is still non-decreasing and lim; ., G(t) does not exist, so G(t) is
not bounded. Since g(z) < f(x) we have G(t) < F(t) for all > a, hence F(t) is
also unbounded, which proves the second statement. []
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4.6. IMPROPER INTEGRALS

The theorem is very intuitive if you think about areas under a graph. “If the
bigger integral converges then so does the smaller one, and if the smaller one
diverges so does the bigger ones.”

Example 4.6.7. Does fooo Ci)iif) dx converge? Answer: YES.

Since 0 < cos?(x) < 1, we really do have

2
0 < 08 (2) 1 .
1422 T 1422
Thus -
/ ———dr = lim tan~1(t) = E,
0 1 +x t—o00 2
2
50 OOO C‘fiég) dx converges.

But why did we use ﬁ? It’s a guess that turned out to work. You could
have used something else, e.g., -5 for some constant c. This is an illustration
of how in mathematics sometimes you have to use your imagination or guess
and see what happens. Don’t get anxious—instead, relax, take a deep breath and
explore.

For example, alternatively we could have done the following:

[ee] 2 [ee]
/ cos (x)dx < / idm =1,
1 1 —+ CCQ 1 1'2

2
and this works just as well, since fol Ccl)j_if)
ous).

cos?(z)
1+x2

dx converges (as 18 continu-

Example 4.6.8. Consider fooo m%hdx. Does it converge or diverge? For

large values of x, the term e~2% wvery quickly goes to 0, so we expect this to
diverge, since floo %d:ﬂ diverges. For x > 0, we have e~%* < 1, so for all x we

have

1 1
PR > o (verify by cross multiplying).
But -
/1 e = o (e 1) = o0
Thus fOOO W%mdx must also diverge.

Note that there is a natural analogue of Theorem 4.6.1 for integrals of functions
that “blow up” at a point, but we will not state it formally.

Example 4.6.9. Consider

1 —=z 1 —x
e e
—dr = i —dx.
/0 VT T o /t N
We have

®
INA

B
5l
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4.6. IMPROPER INTEGRALS

(Coming up with this comparison might take some work, imagination, and trial
and error.) We have

1 g 1

e 1

—dr < —dr = lim 2 — 2Vt =2.
/0 NG x_/o \/533 t—l>%l+ Vi-2vt

thus fol %dm converges, even though we haven’t figured out its value. We just
know that it is < 2. (In fact, it is 1.493648265. . ..)

What if we found a function that is bigger than % and its integral diverges??
So what! This does nothing for you. Bzzzt. Try again.

Example 4.6.10. Consider the integral

) —
e
—dx.
0 xZ

e *

This is an improper integral since f(x) = %~ has a pole at x = 0. Does it
converge? NO.
On the interval [0,1] we have e~ > e~1. Thus

1 —z 1 -1
lim dr > lim —dx
t—0t t X t—0+ t X
1
1
=e ! lim —dx
t—0+ t X
-1 .
=e¢ - lim In(1) — In(t) = +o0
Jim In(1) ~ In(t)

—x

Thus fol ¢—dx diverges.
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